Abstract
Introduction
The mean-variance methodology for the portfolio selection problem, proposed originally by Markowitz [1, 2, 3] , has played an important role in the development of modern portfolio selection theory. It combines probability with optimization techniques to model the behavior investment under uncertainty. The key principle of the mean-variance model is to use the expected return of the portfolio as the investment return and to use the variance of the expected return of the portfolio as the investment risk. Most of existing portfolio selection models are based on probability theory. The mean-variance portfolio selection problem has been studied by many researchers including Sharpe [4] , Merton [5] , Perold [6] , Pang [7] , Vörös [8] and Best [9] , etc. Stein and Branke and Schmeck [10] discussed the efficient implementation quadratic programming that was specialized for large-scale mean-variance portfolio selection with a dense covariance matrix. The aim was to calculate the whole Pareto front of solution that represented the trade-off between maximizing expected return and minimizing variance of return. Yan and Miao and Li [11] discussed that variance was substituted by semi-variance in Markowitz"s portfolio selection model. Moreover, one period portfolio selection is extended to multiperiod. And a hybrid genetic algorithm (GA), which makes use of the position displacement strategy of the particle swarm optimizer (PSO) as a mutation operation, was applied to solve the multi-variance model.
There are many non-probabilistic factors that affect the financial market such that the return of risky asset is fuzzy uncertainty. And a number of empirical studies showed the limitations of using probabilistic approaches in characterizing the uncertainty of the financial market. Recently, a number of researchers investigated fuzzy portfolio selection problem. Bellman and Zadeh [12] proposed the basic fuzzy decision theory. Carlsson and Fullér [13] discussed some basic knowledge about possibilistic mean and variance of fuzzy numbers. Arenas and Rodríguez and Bilbao [14] took into account three criteria: return, risk and liquidity and used a fuzzy goal programming approach to solve the portfolio selection problem. Huang and Tzeng and Ong [15] discussed a new algorithm for the revised mean-variance model which is proposed to deal with the problem of uncertain portfolio selection. Wang and Zhu [16] gave an overview on the development of fuzzy portfolio selection using fuzzy approaches, quantitative analysis, qualitative analysis, the experts" knowledge and manager"s subjective opinions. Ida [17] considered portfolio selection problem with interval and fuzzy objective function coefficients as a kind of multiple objective problems including uncertainties. And for this problem two kinds of efficient solutions are introduced: possibly efficient solution as an optimistic solution and necessarily efficient solution as a pessimistic solution. Abiyev and Menekay [18] presented fuzzy logic is utilized in the estimation of expected return and risk. Managers could extract useful information and estimate expected return by using not only statistical data, but also economical and financial behaviors of the companies and their business strategies. Bilbao and Pérez and Arenas and Rodríguez [19] discussed a portfolio selection problem using Sharpe"s single index model in a soft framework. Estimations of subjective or imprecise future beta for every asset can be represented through fuzzy numbers on the basis of statistical data and the relevant knowledge of the financial analysis. Carlsson and Fullér and Heikkilä and Majlender [20] developed a methodology for valuing options on Research and Development (R&D) projects, when future cash flows are estimated by trapezoidal fuzzy numbers.
In this paper, a new approach using fuzzy two-stage algorithm in the bi-objective portfolio selection model is presented based on possibility theory. We organize the paper as follows. In Section 2, we recall the notions of possibilistic means, variances and covariances of fuzzy numbers introduced by [13] and introduce the formulae of possibilistic means and variances of linear combination of fuzzy numbers. In Section 3, we propose the bi-objective possibilistic portfolio selection linear programming model. In Section 4, we present the ideas of fuzzy two-stage algorithm for solving multi-objective linear programming model. In Section 5, we use a numerical example of portfolio selection problem with triangular fuzzy numbers to illustrate our proposed effective means and variances and effective fuzzy two-stage algorithm in solving the model.
Possibilistic mean and variance and covariance
Let us introduce some definitions, which we shall need in the following section. A fuzzy number A is a fuzzy set of the real line R with a normal, fuzzy convex and continuous membership function of bounded support. The family of fuzzy numbers is denoted by F . A   level set of a fuzzy number 
denote the possibilistic variance of A by
and define the possibilistic covariance of A and B by
respectively. The standard deviation of A is defined by ()
The following theorems show that the possibilistic mean value and variance of linear combinations of fuzzy numbers can easily be computed in a similar manner as in probability ( [13] 
In Theorems 2.1 and 2.2, the addition of fuzzy numbers and the multiplication by a scalar of fuzzy numbers are defined by the sup-min extension principle.
Bi-objective possibilistic efficient portfolio selection model
In the conventional Markowitz"s mean-variance model, the return rate of risky asset is denoted as a random variable. It is well known that the returns of risky assets are in a fuzzy uncertain economic environment and vary from time to time, the future states of returns and risk of risky assets cannot be predicted accurately. Fuzzy number is a more powerful tool used to describe an uncertain environment with vagueness and ambiguity. Based on these factors, we consider the portfolio selection problem under the assumption that the returns of assets are fuzzy numbers.
For simplicity, we use the following notations: 
According to (1), (2) and (3), we can easily obtain 
The possibilistic mean-variance model (5) is a simple bi-objective linear programming, and we can easily obtain the optimal solution of the possibilistic efficient portfolio model (5) by the following fuzzy two-stage algorithm.
Ideas and stages of fuzzy two-stage algorithm

Ideas of fuzzy two-stage algorithm
Consider the following multi-objective linear programming model: 
By the name of definition (two-stage), the process of solving the problem is divided into two stages. Its basic ideas are as follows:
In Stage1, we try to obtain the total satisfactory optimal value (1)  and optimal solution (1) x of equivalent problem for the objective set (which is the feasible solution of the original problem (P1)) by A portfolio selection model based on possibility theory using fuzzy two-stage algorithm Xue Deng, Rongjun Li using the "max-min" fuzzy algorithm corresponding to logic "and". The corresponding mathematical model is Zimmermann minimum operator model. If the optimal solution of the inductive equivalent model is unique, then (1) x is our optimal solution, of course it is also the optimal solution of the original problem. Otherwise, we continue the second stage. In Stage2, we will try to construct a mathematical model maximizing average satisfaction degree for an objective set, and its corresponding additional condition is (1) , 1, 2, , t t q r     , namely, every objective satisfaction degree is larger than or equal to the optimal satisfaction degree obtained in Stage1. Obviously, the solution of Stage2 is effective by the total complementation of arithmetic average operator. The constraints (1) t   keep the balance among all the objective sets, and it is impossible to abandon any special objective.
Stages of fuzzy two-stage algorithm
The mathematical description of two-stage algorithm is as follows: Stage1: According to the idea of Zimmermann, (P1) is equivalent to the following linear programming problem (P2). We can obtain the maximum satisfaction degree (1)  of objective set and the feasible solution In general, we do not know whether the solution of (P2) is unique, hence we can not determine whether (1) x is the optimal solution of the original problem. Effectiveness of (1) x must be verified by the following problem (P3).
Stage2: Verifying the effectiveness of (1) x or looking for a new effective solution ( 2) x :
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(1) 
We can easily obtain the solution ( 2) x . And we can prove that ( 2) x is also the solution of linear programming (P2). Hence, if the solution of the linear programming (P2) is unique, then we must have (2) (1)  xx . In this time, (1) x is the optimal solution to the original problem, and the work of Stage2 is only to check the fact. If the solution of (P2) is not unique, i.e.
(1)
 xx , in this situation,
be an effective solution or may be not an effective solution, but anyway, ( 2) x is always an effective solution. Thus, under any circumstance, the two-stage algorithm will insure to obtain an effective solution of the original problem in Stage2.
Numerical example
In order to illustrate our proposed effective means and variances of the efficient portfolio in this paper, we considered a real portfolio selection example. In this example, we selected five stocks from Shanghai Stock Exchange, their returns , 1, 2, ,5 i ri are regarded as triangular fuzzy numbers. Based on the historical data, the future information, the advices of experts, the corporations" financial reports and the managers" subjective opinions, we can estimate their returns with the following possibility distributions: We use prime ( ' ) to denote matrix transposition and all non-primed vectors are column vectors for convenience. Thus, using model (5), we can obtain the bi-objective linear programming model based on the possibilistic mean-variance theory: 
We obtain the following optimal solution: 
Stage2:
In order to check the effectiveness of (1) x , we need to solve the following Model (3): It is obvious that
 xx which means that the effective solution is unique. That is, the solution (1) x obtained in Stage1 is effective and optimal for the original problem (M1).
Conclusions
In today"s extremely competitive business environment, investors have already invested in various assets to keep their competitive advantage. In practical situations, regarding the expected return and the risk as two objective functions, we can propose a bi-objective linear programming model based on possibilistic mean and variance with triangular fuzzy numbers of return rate. Naturally, the fuzzy twostage algorithm can be utilized to solve our proposed model. The obtained results from the numerical example show that our proposed model is reasonable, and the two-stage algorithm is effective, and the optimal solution must be found for the original problem. Our proposed possibilistic approaches to selecting portfolios can better describe an uncertain decision problem with vagueness and ambiguity.
